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Abstract
In this paper, I proved that
N = p1 + p2 + 2p3, p1 ∼ N/2, p2 ∼ N/2, p3 = o(N),
where N is a large even number, and pi (i = 1, 2, 3) are odd primes.
1 Introduction
In 1930, Shnirel’ man proved that every integer greater than one is the sum of a bounded
number of primes. This is the first significant result on the Goldbach conjecture. In
1937, I. M. Vinogradov proved that every large odd integer is the sum of three primes.
Now I prove an analogue result on even number by Vinogradov’s method.
2 Notation
pi, p– prime number.
ε– any sufficient small positive constant.
N– a sufficiently large even number.
a, q, r, n– positive integers.
α, β, t–real variables.
c, ci– some positive constant.
λ– a suitably choosed positive number.
A = N · e−ε
√
logN , Q = logλN, τ = A2N−1Q−1.
ϕ(q)– the Euler function
µ(q)– the Mo¨bius function
e(x) = exp{2piix}.
Cq(m)–the Ramanujan sum
q∑
a=1,(a,q)=1
e
(
ma
q
)
.
f = O(g) or f ≪ g or g ≫ f , if there exists a constant c > 0 s.t. |f(x)| ≤ cg(x) for
all x in the domain of f . We write f = o(g), if lim
x→∞
f(x)
g(x)
= 0.
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3 Main result and proof
3.1 Main theorem
Theorem 1 There exists an arithmetic function D(N) and positive constant c1, c2 and
c such that c1 < D(N) < c2 for all sufficiently large even integers N , and
R(N,A) = 2D(N)A2 +O
(
A2
logcN
)
,
where R(N,A) =
∑
p1 + p2 + 2p3 = N,
N
2
− A < p1, p2 ≤
N
2
+ A
2 < p3 ≤ A
log p1 · log p2 · log p3
3.2 The singular series
We begin by studying the arithmetic functions
D(N) =:
∞∑
q=1,q is odd
µ(q)Cq(−N)
ϕ3(q)
−
∞∑
q=1,q is even
µ(q)Cq(−N)
ϕ3(q)
,
G(N) =:
∞∑
q=1
µ(q)Cq(−N)
ϕ3(q)
.
The functions D(N), G(N) are called the singular series.
Theorem 2 The singular series D(N), G(N) converge absolutely and uniformly in
N and have the Euler product
D(N) = 2
∏
p|N,p is odd
(
1−
1
(p− 1)2
)
·
∏
p∤N
(
1 +
1
(p− 1)3
)
.
G(N) =
∏
p|N
(
1−
1
(p− 1)2
)∏
p∤N
(
1 +
1
(p− 1)3
)
Moreover, for any q > 0.
D(N,Q) = :
Q∑
q=1,q is odd
µ(q)Cq(−N)
ϕ3(q)
−
Q∑
q=1,q is oven
µ(q)Cq(−N)
ϕ3(q)
= D(N) +O
(
1
Q1−ε
)
.
Proof Clearly,
|Cq(−N)| ≤ ϕ(q),
and so ∣∣∣∣µ(q)Cq(−N)ϕ3(q)
∣∣∣∣ ≤ 1ϕ2(q) ≪ log
2 log q
q2
.
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Thus the singular series converges absolutely and uniformly in N . Moreover,
D(N)−D(N,Q)≪
∑
q>Q
1
ϕ2(q)
≪
∑
q>Q
1
q2−ε
≪
1
Q1−ε
.
For Cq(−N) is a multiplicative function of q and Cp(−N) =
{
p− 1, p|N
−1, p ∤ N
, By Euler
product
G(N) =
∏
p
(
1 +
∞∑
j=1
µ(pj)Cpj(−N)
ϕ3(pj)
)
=
∏
p
(
1−
Cp(−N)
ϕ3(p)
)
=
∏
p|N
(
1−
1
(p− 1)2
)
·
∏
p∤N
(
1 +
1
(p− 1)3
)
,
since N is even integer p = 2|N , then G(N) = 0, and
D(N) = 2
∞∑
q=1,q is odd
µ(q)Cq(−N)
ϕ3(q)
= 2
∏
p|N,p is odd
(
1−
1
(p− 1)2
)
·
∏
p∤N
(
1 +
1
(p− 1)3
)
.
So there exist positive constant c1, c2 such that c1 < D(N) < c2.
3.3 Decomposition into major and minor arcs.
For 1 ≤ q ≤ Q, 0 ≤ a ≤ q − 1 and (a, q) = 1 the Major arc M(q, a) is the interval
consisting of all real numbers α ∈
[
− 1
τ
, 1− 1
τ
]
such that∣∣∣∣α− aq
∣∣∣∣ ≤ 1τ .
The set of major arcs is
M = ∪Qq=1 ∪
q−1
a=0,(a,q)=1 M(q, a) ⊆
[
−
1
τ
, 1−
1
τ
]
,
and the set of minor arcs is
m =
[
−
1
τ
, 1−
1
τ
]
\M.
Let
F (α,A) =
∑
N
2
−A<p≤N
2
+A
(log p)e(α · p),
F˜ (α,A) =
∑
2<p≤A
(log p)e(α · 2p).
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By the circle method, we can express R(N,A) as the integal of a trigonometric polyno-
mial over the major and minor arcs.
R(N,A) =
∫ 1− 1
τ
− 1
τ
F 2(α,A)F˜ (α,A)e(−Nα)dα
=
∫
M
F 2(α,A)F˜ (α,A)e(−Nα)dα +∫
m
F 2(α,A)F˜ (α,A)e(−Nα)dα.
3.4 The integal over the major arcs
Theorem 3 Let
u(β,A) =
∑
N
2
−A<n≤N
2
+A
e(βn), u˜(β,A) =
∑
2<n≤A
e(β · 2n).
Then
J(N,A) =
∫ 1− 1
τ
− 1
τ
u2(β,A)u˜(β,A)e(−Nβ)dβ
= 2A2 +O(A).
Proof By circle method,
J(N,A) =
∑
N = n1 + n2 + 2n3
N
2
− A < n1, n2 ≤
N
2
+A
2 < n3 ≤ A
1
=
∑
N
2
−A<n1≤N2
·
∑
n2 + 2n3 = N − n1
2 < n3 ≤ A
1 +
∑
N
2
<n1≤N2 +A
·
∑
n2 + 2n3 = N − n1
2 < n3 ≤ A
1
=
∑
0≤d1<A
∑
d2 + 2n3 = d1
−A < d2 ≤ A
2 < n3 ≤ A
1 +
∑
0<d1≤A
∑
d2 + 2n3 = −d1
−A < d2 ≤ A
2 < n3 ≤ A
1
=
∑
0≤d1<A
(A+ d1) +
∑
0<d1≤A
(A− d3) +O(A)
= 2A2 +O(A).
Theorem 4(Siegel-Walfisz)
If 1 ≤ q ≤ Q = logλN and (q, r) = 1, then there exists a constant c3 depends only
on λ such that.
θ(t; q, r) =:
∑
p ≤ t
p ≡ r(mod q)
log p =
t
ϕ(q)
+ r(t), t ≥ 2.
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where r(t)≪ t · e−c3
√
log t.
Lemma 5 If α ∈M(q, a) and β = α− a
q
, then
F (α,A) =
µ(q)
ϕ(q)
∑
N
2
−A<n≤N
2
+A
e(βn) +O(A · e−c4
√
logN)
F˜ (α,A) =
Cq(2a)
ϕ(q)
∑
2<n≤A
e(β · 2n) +O(A · e−c4
√
logN ).
Proof Let p ≡ r(mod q). Then p|q is and only if (r, q) > 1, and so
q∑
r = 1
(r, q) = 1
∑
N
2
− A < p ≤ N
2
+ A
p ≡ r(mod q)
e(αp) · log p =
∑
N
2
− A < p ≤ N
2
+A
p|q
e(αp) · log p≪
∑
p|q
log p≪ log q.
So
F (α,A) =
q∑
r = 1
(r, q) = 1
·
∑
N
2
− A < p ≤ N
2
+A
p ≡ r(mod q)
e
((
a
q
+ β
)
· p
)
· log p+O(log q)
=
q∑
r = 1
(r, q) = 1
e(
a
q
r)
∑
N
2
− A < p ≤ N
2
+A
p ≡ r(mod q)
e(βp) log p +O(log q)
=
q∑
r = 1
(r, q) = 1
e(
a
q
r)
∫ N
2
+A
N
2
−A
e(βt)dθ(t; q, r) +O(log q)
By theorem 4,
F (α,A) =
µ(q)
ϕ(q)
∫ N
2
+A
N
2
−A
e(βt)dt+O(Ae−c3
√
logN).
∫ N
2
+A
N
2
−A
e(βt)dt−
∑
N
2
−A<n≤N
2
+A
e(βn) =
∑
N
2
−A<n≤N
2
+A
∫ n+1
n
(e(βt)− e(βn))dt+O(1)
=
∑
N
2
−A<n≤N
2
+A
∫ n+1
n
(∫ t
n
de(βu)
)
dt+ O(1)
=
∑
N
2
−A<n≤N
2
+A
∫ n+1
n
(∫ t
n
2piiβe(βu)du
)
dt+O(1)
≪
∑
N
2
−A<n≤N
2
+A
|β|+O(1),
since
|β| ≤
1
τ
≪ A ·
1
τ
=
NQ
A
≪ ec4
√
logN ;
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Similarly, we have
F˜ (α,A) =
cq(2a)
ϕ(q)
∑
2<n≤A
e(β · 2n) +O(A · e−c4
√
logN ).
Theorem 6 There is a positive constant 0 < ε < 1, the integal over the major arcs
is ∫
M
F 2(α,A)F˜ (α,A)e(−Nα)dα = 2D(N)A2 +O
(
A2
log(1−ε)λN
)
.
Proof∫
M
[F 2(α,A)F˜ (α,A)−
µ2(q)
ϕ3(q)
Cq(2a)u
2(β,A)u˜(β,A)]e(−Nα)dα
=
Q∑
q=1
q−1∑
a = 0
(a, q) = 1
∫
M(q,a)
[F 2(α,A)F˜ (α,A)−
µ2(q)
ϕ3(q)
Cq(2a)u
2(β,A)u˜(β,A)]e(−Nα)dα
≪
Q∑
q=1
q−1∑
a = 0
(a, q) = 1
∫
M(q,a)
A3 · e−c5
√
logNdα
≤ Q2A3e−c5
√
logN ·
1
τ
= NAQ3e−c5
√
logN
≤ A2e−c6
√
logN .
∫
M
µ2(q)
ϕ3(q)
Cq(2a)u
2(β,A)u˜(β,A)e(−Nα)dα
=
Q∑
q=1
q−1∑
a = 0
(a, q) = 1
µ2(q)Cq(2a)
ϕ2(q)
∫ a
q
+ 1
τ
a
q
− 1
τ
u2(α−
a
q
, A)u˜(α−
a
q
, A)e(−Nα)dα
=
Q∑
q = 1
q is odd
µ(q)
ϕ3(q)
q−1∑
a = 0
(a, q) = 1
e(−
a
q
N)
∫ 1
τ
− 1
τ
u2(β,A)
u˜(β,A)e(−Nβ)dβ −
Q∑
q = 1
q is even
µ(q)
ϕ3(q)
q−1∑
a = 0
(a, q) = 1
e(−
a
q
N)
∫ 1
τ
− 1
τ
u2(β,A)u˜(β,A)e(−Nβ)dβ
= D(N,Q)
∫ 1
τ
− 1
τ
u2(β,A)u˜(β,A)e(−Nβ)dβ,
6
because of
Cq(a) = µ
(
q
(a, q)
)
ϕ(q)ϕ−1
(
q
(a, q)
)
.
If |β| ≤ 1
2
,then
u(β,A)≪
1
|β|
, u˜(β,A)≪
1
|β|
and ∫ 1
2
1
τ
u2(β,A)u˜(β,A)e(−Nβ)dβ ≪
∫ 1
τ
1
τ
dβ
β3
≪ τ 2 = A2Q−2e−2ε
√
logN .
Similarly, ∫ − 1
τ
− 1
2
u2(β,A)u˜(β,A)e(−Nβ)dα≪ A2Q−2e−2ε
√
logN .
By theorem 3,
∫ 1
τ
− 1
τ
u2(β,A)u˜(β,A)e(−Nβ)dβ
=
∫ 1
2
− 1
2
u2(β,A)u˜(β,A)e(−Nβ)dβ +O(A2e−2ε
√
logN)
= 2A2 +O(A2e−2ε
√
logN).
By theorem 2,
D(N,Q) = D(N) +O
(
1
Q1−ε
)
.
Therefore, ∫
M
F 2(α,A)F˜ (α,A)e(−Nα)dα
= D(N,Q)
∫ 1
τ
− 1
τ
u2(β,A)u˜(β,A)e(−Nβ)dβ +O(A2e−c6
√
logN)
= 2D(N)A2 +O(
A2
log(1−ε)λN
).
This completes the proof.
3.5 Proof of theorem
Theorem 7(I. M. Vinogradov) If
∣∣∣α− aq ∣∣∣ ≤ 1q2 , where a and q are integers such that
1 ≤ q ≤ A and (a, q) = 1, then
F˜ (α,A) =
∑
2<p≤A
e(α · 2p) log p≪ A log4N
(√
q
A
+
√
1
q
+
1
H
)
,
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where
H = e
1
2
√
logN .
Lemma 8(Dirichlet) If α ∈ m, then there must exist integer q, a such that
a
q
∈
[
−
1
τ
, 1−
1
τ
]
, (a, q) = 1, Q < q ≤ τ
and ∣∣∣∣α− aq
∣∣∣∣ < 1qτ .
Theorem 9 For any λ > 0, we have∫
m
F 2(α,A)F˜ (α,A)e(−αN)dα≪
A2
log
λ
2
−5 .
Proof If α ∈ m, then Q < q ≤ τ . By theorem 7,
F˜ (α,A) ≪ A log4N
(√
q
A
+
√
1
q
+
1
H
)
≪ A log4N(√
τ
A
+
√
1
Q
+
1
H
)
= A log4N
(
e−
ε
2
√
logN log−
λ
2 N + log−
λ
2 N + e−
1
2
√
logN
)
≪
A
log
λ
2
−4N
.
Since
θ(N,A) =:
∑
N
2
−A<p≤N
2
+A
log p≪ A,
we have∫ 1− 1
τ
− 1
τ
|F (α,A)|2dα =
∑
N
2
−A<p≤N
2
+A
log2 p≪ logN ·
∑
N
2
−A<p≤N
2
+A
log p≪ A logN,
and so ∫
m
|F (α,A)|2|F˜ (α,A)|dα ≪ sup{|F˜ (α,A)| : α ∈ m}
∫
m
|F (α,A)|2dα
≪
A
log
λ
2
−4N
∫ 1
0
|F (α,A)|2dα
≪
A2
log
λ
2
−5N
This completes the proof.
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Proof of theorem 1
R(N,A) =
∫
M
F 2(α,A)F˜ (α,A)e(−Nα)dα +
∫
m
F 2(α,A)F˜ (α,A)e(−Nα)dα
= 2D(N)A2 +O
(
A2
log(1−ε)λN
)
+O
(
A2
log
λ
2
−5
)
,
let
c = min{(1 − ε)λ,
λ
2
− 5}, λ > 10.
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